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The problem of the impression of a rigld dle into an elastic sphere 1s inves-
tigated (Section 1). The solution of this problem reduces to the determina-
tion of some coefficlents in "coupled” series-

! equations, containing Legendre polynomials. A
method is indicated, which allows the reduction of
the solution of the obtained "coupled” series-
equations to the solution of an infinite system of
linear equations (Sectaon 2).

As an example, the compresslon of an elastic
sphere under the uniform normal loading is inves-
tigated (Section 3}, with the lower half of the
sphere resting in a rigld semispherical recess.
Tables and curves are presented for the stresses
and displacements.

The problems of the impression of two rigid
dies into an elastic sphere and of the axisymmet-
rical compression of an elastic sphere with a rigid
ring girdle, are discussed 1n other papers by the
Y2 authors and by Bablolan [1 and 2].

Fig. 1 1. Let us investigate the axisymmetric problem
of the impression of & rigid die into an elastic
sphere of radius R (Fig.1).

We shall assume, for simplicity of presentation, that under the die, as
well as elsewhere, there are no tangential stresses, and that the normal
stresses on the sphere surface are given.

With such formulation, the boundary conditions of the problem, in a spher-
ical coordinate system p, 6, ¢ , will have the form, with o =% .

U,=i*(0) (0<6<2)
T=0 (0<8<m), Sp=u*(0) (a0 M) (1.1)

Here, U, is the radial component of displacement‘ Tog and O, are,
respectively, the tangential and normal stresses, f (s)"1s a continuous
function which determines the shape of the dile surface, *(p) is a piece-
wise continuous function with a limited variation in the indicated interval
which prescribes the distribution of normal stresses on the surface of the
elastic sphere outside the die, and o 1s a parameter indicating the size
of the die.

The equillibrium equations, in spherical coordinates, with axial symmetry
and in the absence of body forces are of the form
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A a
(» + 2u) sin 676 4+ S (2par,sin 0) = 0

aA 2
(2 + 2u) p* sin 0 5 —p 55 200, sin 0) = 0

Here A and yp are Lamé's elastic constants, o  1s the rotation com-
ponent, A 1s the vclumetric expanslon @

170 ary
00 =333 OV — 57 |

1 0 . a . )
A= m[% (p?U,5in 0) -+ éf)(PUe sin O)J (1.3)
and Ue is the meridional component of displacement.

Changing from the coordinate & to the coordinate £ = cos § and sol-
ving Equations (1.2) for the displacements Up and Uy » we obtain Expres-
sions

P
Up (p g) = Ao_ﬁ- 'IL

S k-1 M4 (k— 2 .
" IZ‘I () s e e v e (F) T e (1.4)
Ve B = ) |4, N (L vizery @ (py & = & p,c0)
k=1

Here, p,(g) are Legendre polynomials [3], and 4,, 4, and (, are the
integration constants, to be determined form the boundary conditions (1.1).

2, To determine the integratlon constants, using the relatlions (1.4) and

known equations, expressing the stresses © and T in terms of the dis-
placement components U, and U, , we get P8
3+ 2u 2u s / p k-2
o,=—fF 4o — g }_‘, P, (E) {k (k — 1) A, (»ﬁ> +
k=1
Ak —k—3)Fpk+1)(k—2) <p)*}
£ iy
+ U F 3 FnkED kE+1DCipg 2.1)
2p o k
e — P -2
o= S P OVI—B{k—0a, () +
k=1

T2k O 2% 1) L ()
+ AEH3) Fpk-+ 5 Ck<R>J' (2.2)

Satisfying the boundary condition (1.1), we obtain the following expres-
silon for the coefficients ¢,

(e — 1) D\ (k- 3) + p (k + 5)
AE(E+ 2) T p (B 2k — 1)

and the following "coupled" serles-equations for the determination of the
coeffleclents 4,

Cp= — A k=1,2,...) (2.3)

ZBkPk(§)=f(§) 1 =E>8 =cosa)
= (2.4.)

o AQREE -4k 4 3) F (R k4 1) Py (&
2Btk =D (1(2k+1)k)+2:(;k’—1) Pk(§)=“2(p_) EG>8> -1

k=0
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In addlition, we define
FO=1®, 6= 2.5)

O k(R-R2) b p (R 4 2k — 1)
BT M 2k 4 1) + 2p (2K — 1)
Thus, the solution of the problem under investigation has been reduced to

the determination of the unknown coefficlents B, 1n the coupled" series-
equations (2.4) containing Legendre polynomials.

We shall present the "coupled" series-equations (2.4%) in the form

dg= By A By  (k=1,23..) @9

e < 1
S BL®=1® 12E>8), Nt BPLO=F® G>E>-1

k=0 k=0

where 2.7)
YE | 1 < B,.Py (§)
F =" +EAE W+ ) k- 2u @ —1) X
r=0
X (3% (k + 2) 4+ 2u (2K + 2k — 2k 4- 1)] 2.8)

"Coupled" series-equations of the form (2.7) have been investigated in
the work of Babloian [4]. The solution of such series-equations, where r(g)
and f(g) are given functions, 1s obtained from

>

By = l;:‘?:\ cos <k + %)"P ch;i%p \ f (&) (E—cosg) "2 dE -+

0 cos®

L Vay 1 , 2= e E)

T \ cos (k‘f- 7)@ dg S # (E) (cos ¢ — E)Aludg <k =0,1,2, l ) (2.9)
a -1

Using Equation (2.9) and considering that the unknown coefficient B, ,
according to (2.8), enters in the function m(g) , the solution of the
"coupled” serles-equatlons (2.4) for the determination of the integration
constants 4, (or the coefficlents B5,), after some transformations, is
reduced to the solution of an infinite system of linear equations of the
following form:

o0
A= LA, + My, k=1,2 .. (2.10)
p=1

where L, and M, are obtained from
_ V2 (1 C oy Wk (k4 2) 4 p (A2 4 2k — 1)
M= =77\ T ) h 2k + 1) 4 2 (Zh — 1)

2 [ak (k4 2) - (B - 20— )] (32 (p + 2) + 20 (2p° + 2p* — 2p + 1)]

(k=1,2,...) (2.11)

L = TR DI @R DI G F D p @+ 2 Fu T+ 2 — D k»
k=1,2,..5p=1,2,...) (2.12)

Here
V2p=na+ @G /p+1)@—VI—F— co'§) (2.13)

- TN si k 1 cos=t & in (k  cos*
[Ty - 3 1> { in [( ‘il 1 51]+sm( - §1)}(k —1,2,. ) (2.14)
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1

by = } cos </f -+ —%) ) dq;(%)c(gsw (&) (E — cos ¢) "t + (2.15)
= cose — a
43 Yokt FJodn | w0 o vt (17 755 )
a -1
1, = Z_/; \ cos% cos (p -4 %) ¢ dp -+ g cos (k - é—)(p cos (p -+ %)(p do (2.16)

Solving the infinite system (2.10) and using the obtained values of 4,,
the constant 4, 1is determined from

b B, A 2@ 2 — 2 1)
Ao= g ao(3x+mp%1“‘p(2p+1) e +2 Fr@F+2r—0% &7

Equation (2.17) can be obtalned directly from (2.9), using % = O and
solving for 4,.

3, As an example, we shall investigate the problem of the compression of
an elastic sphere, resting in a rigid semispherical recess, and loaded on
1ts free surface by a uniformly distributed nor-
mal load (Fig.2).

In the solutlion of the problem, we assume that
the surface of the recess is smooth, 1.e, there
are no cohesive forces on the contact surface.

The boundary conditlions, for thils case, are of
the form

U,=0 (0<<O<Yem), 79 =0 (0O
06,=—q/R (hn<b<m for p=R (3.1

The integration constants 4, are obtalned from
the solutlion (*) of the reduced system (2.10)

N
z A= D Ly, + M, (k=1,2,...,N) (3.2
p=1
Fig. 2 The calculations were performed with the values
A 10 .
— A — gy =0, = 3.3
=0 =% N={y 1® vE=—gq (3.3)

We tabulate below some values of 4,° = A4,u/q for a series of k values

k= 1 2 3 4 5 6
. [—0.0872 0.0424 0.0295 —0.0199 —0.0159 0.0130 (N = 10)
AK°=1_0.0883 0.0431 0.0307 —0.0199 —0.0166 0.0128 (v = 31)

k= 7 8 9 10 11 12
. ]0.0106 —0.0097 —0.0078 0.0082 — — (N = 10)
= 40.0112 —0.0094 —0.0083 0.0074 0.0066—0.0061 (N = 31)

*) The calculations were performed at the Computer Center of the ArmSSR
Academy of Science and the Yerevan state University by the center coworker
A.Bardanian and processed by the coworker of the Institute of Mathematics
and Mechanics A.A.Babloian. The authors regard it as thelr pleasant duty
to record thelr thanks.
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k= 13 14 15
Ax® = ~-0.0055 0.0052 0.0047
k=19 20 21
Ax® =0.0036 —0.0037 —0.0032
E= 25 26 27
Ar® = —0,0026 0.0029 0.0023

—0.0046

22
0.0033

28
—0.0027 —0.0021 0.0026 0.0048 (Vv = 31)
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Table continued

17 18
—0.0041 0.0041 (V= 31)
23 2%
0.0029 —0.0031 (N = 34)
29 30 31

Using these values, and Equation {2.17), we get

for N = 10,

Ay = —0.0998 q /

for N =31 (3.4)

Calculating the ¢, coefficients from Equation {2.3), the stresses On Top
plc:;.nt in the sphere can be determined from
1.4j.

and the displacements at
Equations (2.1}, (z.2) and

We present the values of the stress )
points in the sphere, and also the values of the displacenents
Ug®=Uyp/ g, calculated at some points on the sphere surface and the

and
equatorial plare

7 U
0 as 1 159
L—l—I—J#

%

6, = o, H ; 2q, caleulated gt some

US=Up/lq

® 1) (LR O (LR —1) RV R Y
—0.503 —0.497 —0.475 —0.385  —0.484 —0.433 (N = 10)
%={“0.517 —0.510 —0.486 —0.392  —0.451 —0.419 (¥ = 31)
4R, Yy V) (HR—Y) (R, 0) (1R—Ys) (aB—1 V3
—0.469 —0.366  —0.318 —0.436 —0.408 (v = 10)
5,={ —0.480 —0.373  —0.326  —0.446 ~0.447 (v = 31)
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Table continued
(R, —1) (R,—%V3 &, —Y) (R0
{—0.210 —0.191 —0.173 — (N = 10)
—0.197 —0.,192 —0.171 —0.018 (v = 31)

(Rv O) (1/2 Ri 0) (010)

o_{—o.ogo —0.098 —0.087 (N = 10)
Us” =1_0.088 —0.099 —0.088 (N = 31)

As a pictorial representation of the distribution of normal stresses,
Flg.3 shows the curves of the normal stresses op .

We should note that the investigation of the question of the regularity
of the infinite system of linear equations (2.10), or the reduction of this
system to a regular system [5], presents mathematical difficulties.

To obtaln an approximate solutlon, an abridged system of equations (3.2)
was used. This system was solved with ¥ = 10 and ¥ = 31, where ¥ 1is
the number of equations in the abrldged system. The calculatlions show that
the values of the stresses and displacements, presented above for these two
cases, differ by a negligible amount.

U, =
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